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� b2[m2M+2 Q7 K�Tb Q7 b2ib rBi? #�b2 TQBMib UBX2X BM a2i∗V

(�, �0) 7−→ (", #0)
;→ (*, +0)

Bb b�B/ iQ #2 2t�+i �i " B7 BK(7) = F2`(;) r?2`2

BK(7) = 7(�), F2`(;) = ;−1(+0).

� b2[m2M+2
· · ·→ �M+1 → �M → �M−1 → · · ·

Bb +�HH2/ �M 2t�+i b2[m2M+2 B7 Bi Bb 2t�+i �i 2p2`v �BX
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G2i > ▹ : #2 � MQ`K�H bm#;`QmTX h?2`2 Bb � b?Q`i 2t�+i b2[m2M+2

1→ >→ :→ :/>→ 1

BM :`QmTX >2`2 r2 pB2r :`QmT �b � bm#+�i2;Q`v Q7 a2i∗ r?2`2
� ;`QmT Bb #�b2/ �i Bib B/2MiBiv 2H2K2MiX
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� b2[m2M+2 Q7 K�Tb BM ?T ⋆

· · ·→ sM+1 → sM → sM−1 → · · ·

Bb +�HH2/ 2t�+i B7 7Q` �Mv u ∈ ?T ⋆- i?2 7QHHQrBM; b2[m2M+2 Q7
TQBMi2/ b2ib Bb 2t�+i

· · ·→ [u,sM+1]0 → [u,sM]0 → [u,sM−1]0 → · · ·
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G2i 7 : (s, t0)→ (u, v0) #2 � K�T BM T ⋆X q2 /2}M2 Bib ?QKQiQTv
}#2` 67 BM T ⋆ #v i?2 TmHH@#�+F /B�;`�K

67 !!

π
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Sv0u

T1

""
s 7 !! u

67 = {(t, γ) ∈ s× Su|γ(0) = v0, γ(1) = 7(t)}
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_2+�HH i?�i T1 : Sv0u→ u Bb � }#`�iBQM- i?mb

G2KK�
π : 67 → s Bb � }#`�iBQMX

LQi2 i?�i 67 Bb T`2+Bb2Hv i?2 }#2` Q7 S7 → u Qp2` v0,

67 !!

π

""

S7

T0
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v0 !

"
!! u.

aQ i?Bb Bb i?2 b�K2 �b Qm` /2}MBiBQM #27Q`2X q2 rBHH Tmi 2ti`�
2KT?�bBx2 QM i?2 `QH2 Q7 #�b2/ TQBMi BM i?Bb b2+iBQMX
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G2KK�
A7 7 : s→ u Bb � }#`�iBQM- i?2M 7−1(v0) Bb ?QKQiQTv 2[mBp�H2Mi iQ
Bib ?QKQiQTv }#2` 67X

s ι !!

7
##❃

❃❃
❃❃

❃❃
❃❃

❃❃
S7

T0

$$⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

u
6Q` �`#Bi`�`v K�T 7 : s→ u- r2 biBHH ?�p2 � +�MQMB+�H K�T

D : 7−1(v0)→ 67

r?B+? K�v MQi #2 � ?QKQiQTv 2[mBp�H2M+2X h?2 ?QKQiQTv }#2`
+�M #2 pB2r2/ �b � ;QQ/ `2TH�+2K2Mi Q7 }#2` BM ?QKQiQTv +�i2;`v
i?�i #2?�p2b MB+2Hv 7Q` }#`�iBQMbX
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h?2 b2[m2M+2

67
π−→ s 7−→ u

Bb 2t�+i �i s BM ?T ⋆X

S`QQ7, G2i v0 #2 i?2 #�b2 TQBMi Q7 uX q2 }`bi Q#b2`p2 i?�i 7 ◦ π
7�+iQ`b i?`Qm;? Sv0u r?B+? Bb +QMi`�+iB#H2X h?2`27Q`2 7 ◦ π Bb MmHH
?QKQiQTvX G2i w ∈ ?T ⋆X *QMbB/2`

[w,67]0
π∗→ [w,s]0 7∗→ [w,u]0.

aBM+2 7 ◦ π Bb MmHH ?QKQiQTB+- r2 ?�p2 BKπ∗ ⊂ F2` 7∗X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i ; : w→ s- [;]0 ∈ F2` 7∗X �bbmK2 7 ◦ ; Bb #�b2/ ?QKQiQTB+ iQ
i?2 i`BpB�H K�T #v

: : w× A→ u.
aBM+2 : |w×{0}= v0- Bi +�M #2 `2;�`/2/ �b � K�T

: : w→ Sv0u

i?�i }ib BMiQ i?2 7QHHQrBM; /B�;`�K

w
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h?2`27Q`2 i?2 T�B` (:, ;) 7�+iQ`b i?`Qm;? 67X aQ [;]0 ∈ BKπ∗X
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LQiB+2 i?�i i?2 }#2` Q7 67 Qp2` t0 Bb T`2+Bb2Hv Ωu

Ωu !!
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67

π

""
t0 !

"
!! s.

q2 }M/ i?2 7QHHQrBM; b2[m2M+2 Q7 TQBMi2/ K�Tb

Ωs Ω7−→ Ωu→ 67
π−→ s 7−→ u.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
h?2 b2[m2M+2 Ωs Ω7−→ Ωu→ 67

π−→ s 7−→ u Bb 2t�+i BM ?T ⋆X

S`QQ7, q2 rBHH +QMbi`m+i i?2 7QHHQrBM; +QKKmi�iBp2 /B�;`�K BM
?T ⋆ rBi? �HH p2`iB+�H �``Qrb ?QKQiQTv 2[mBp�H2M+2b

Ωs Ω7 !!

D̃′

""

Ωu !!

D

""

67
π !!
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s 7 !!
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u
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6π′

π′′
!! 6π

π′
!! 67

π !! s 7 !! u
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6π Bb i?2 ?QKQiQTv }#2` Q7 π : 67 → s- ;Bp2M #v i?2 TmHH@#�+F

6π
!!
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St0s

T1

""
67

π !! s

Q` 2tTHB+BiHv

6π = {([γ], [β]) ∈ Sv0u× St0s|7(β(1)) = γ(1)}.

aBM+2 67
π−→ s Bb � }#`�iBQM rBi? }#2` Ωu- i?2 K�T

D : Ωu→ 6π, D([β]) = ([1t0 ], [β])

Bb i?2 M�im`�H K�T Q7 }#2` BMiQ ?QKQiQTv }#2` r?B+? Bb �
?QKQiQTv 2[mBp�H2M+2X h?Bb ;Bp2b i?2 b2+QM/ b[m�`2X
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aBKBH�`Hv- i?2 }#2` Q7 i?2 }#`�iBQM 6π → 67 Bb ΩsX q2 }M/

D′ : Ωs→ 6π′

7`QK }#2` iQ ?QKQiQTv }#2`- r?B+? Bb � ?QKQiQTv 2[mBp�H2M+2X G2i

(−)−1 : Ωs→ Ωs, γ → γ−1

#2 i?2 BMp2`b2 Q7 i?2 HQQTX q2 /2}M2

D̃′ = D′ ◦ (−)−1 : Ωs→ 6π′ .

q2 /2}M2 i?2 K�T F : Ωs→ 6π #v i?2 +QKKmi�iBp2 /B�;`�K

Ωs

D̃′

""

F

''❇
❇❇

❇❇
❇❇

❇❇
❇❇

6π′
π′′

!! 6π



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG
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Ωs

F
((❈

❈❈
❈❈

❈❈
❈❈

❈❈
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Ω7 !! Ωu

D

""
6π.

h?Bb /B�;`�K Bb LPh +QKKmi�iBp2 BM T ⋆X
>Qr2p2`- D ◦ Ω7 Bb ?QKQiQTB+ iQ F- bQ i?Bb /B�;`�K +QKKmi2b BM
?T ⋆X hQ b22 i?Bb- H2i mb 2tTHB+BiHv r`Bi2

F([γ]) = ([γ−1], [1v0 ]),
(
D ◦ Ω7

)
(γ) = ([1t0 ], [7(γ)]).

h?2v �`2 ?QKQiQTB+ pB�

6([γ], i) =
(
[(γ |[i,1])−1], 7

[
γ |[0,i]

] )
.

aQ i?2 }`bi b[m�`2 +QKKmi2b BM ?T ⋆X h?2 H2KK� 7QHHQrbX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
G2i s1 → s2 → s3 #2 2t�+i BM ?T ⋆- i?2M bQ Bb

Ωs1 → Ωs2 → Ωs3.

S`QQ7X
6Q` �Mv u- �TTHv [u,−]0 iQ i?2 2t�+i b2[m2M+2 s1 → s2 → s3 �M/
mb2 i?2 7�+i i?�i Ω Bb `B;?i �/DQBMi iQ i?2 bmbT2MbBQM Σ- BX2X

[Σu,sB]0 = [u,ΩsB]0,

r2 Q#i�BM �M 2t�+i b2[m2M+2X h?Bb BKTHB2b i?2 H2KK�X
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G2i 7 : s→ u BM T ⋆X h?2M i?2 7QHHQrBM; b2[m2M+2 BM 2t�+i BM ?T ⋆

· · ·→ Ω2u→ Ω67 → Ωs→ Ωu→ 67 → s→ u.
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G2i T : 1→ " #2 � K�T BM T ⋆X �bbmK2 T Bb � }#`�iBQM r?Qb2
}#2` Qp2` i?2 #�b2 TQBMi Bb 6X h?2M r2 ?�p2 �M 2t�+i b2[m2M+2 Q7
?QKQiQTv ;`QmTb

· · ·→ πM(6)→ πM(1)→ πM(")→ πM−1(6)→ · · ·→ π0(1)→ π0(").
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S`QQ7, aBM+2 T Bb � }#`�iBQM- 6 Bb ?QKQiQTv 2[mBp�H2Mi iQ 6TX
P#b2`p2 i?�i

[a0,ΩMs]0 = [ΣMa0,s]0 = [aM,s] = πM(s).

h?2 i?2Q`2K 7QHHQrb #v �TTHvBM; [a0,−]0 iQ i?2 SmTT2 a2[m2M+2
�bbQ+B�i2/ iQ T : 1→ "X
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1t�KTH2
*QMbB/2` i?2 mMBp2`b�H +Qp2` 2tT : R1 → a1X h?2 �bbQ+B�i2/ HQM;
2t�+i b2[m2M+2 BKTHB2b

πM(a1) = 0, ∀M > 1.
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S`QTQbBiBQM
A7 B < M- i?2M πB(aM) = 0X

S`QQ7X
G2i 7 : aB → aMX q2 M22/ i?2 7QHHQrBM; 7�+i, �Mv +QMiBMmQmb K�T
7`QK � +QKT�+i bKQQi? K�MB7QH/ s iQ aM +�M #2 mMB7Q`KHv
�TT`QtBK�i2/ #v � bKQQi? K�TX 6m`i?2`KQ`2- irQ bKQQi? K�Tb
�`2 +QMiBMmQmbHv ?QKQiQTB+- i?2M i?2v �`2 bKQQi?Hv ?QKQiQTB+X
h?mb- r2 +�M �bbmK2 i?�i 7 Bb ?QKQiQTB+ iQ � bKQQi? K�T 7′X
h?2M 7′ Bb MQi bm`D2+iBp2 U7Q` /BK2MbBQM `2�bQMVX h?mb-
7′ : aB → (aM − {Ti}) ≃ RM ≃ {Ti} Bb MmHH ?QKQiQTB+X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
*QMbB/2` i?2 >QT7 }#`�iBQM a3 → a2 rBi? }#2` a1X h?2 �bbQ+B�i2/
HQM; 2t�+i b2[m2M+2 Q7 ?QKQiQTv ;`QmTb BKTHB2b

π2(a2) ≃ Z, πM(a3) ≃ πM(a2) 7Q` M ≥ 3.


